Abstract
Introduction
Public finances affect growth in several ways. In the theoretical literature that links public finances with growth, three expenditure variables have been considered: public investment spending, public consumption spending and social welfare or redistributive spending. Some of this literature has also considered public spending that increases human capital and spending that contributes to innovation , such as that for research and development as core spending, as it enhances the human capital base (investment) and technological progress. Total government spending average about 45% of GDP in industrialized countries, but the range from 30% of GDP to 60% suggests great differences across countries ( European Commission, AMECO, as quoted in Tanzi and Schuknecht (2003) ). There is some governmental activity and related public spending that is essential for the performance of the economy. This "core", or "essential", or "productive" spending may as important to growth as private capital and labour. This core spending can directly raise the human and physical capital stock and technical progress in the economy , but it can do so also indirectly, by creating synergies for private activities. The level of this spending depends on how efficient the government is in using the resources available. The more efficient is the government, the lower needs to be the spending level. But government spending also depends on a number of "exogenous" factors: geography, the level of development of the country and on the sophistication of its markets (Tanzi (2004) Turnovsky (1998) , the public good is treated as a durable capital good, subject to congestion. The analysis is made on the basis of a dynamic model with discrete variables. The optimality conditions for the representative agent's problem are deduced on the basis of the Maximum Principle for discrete dynamic systems (Altar, 1976) . The production function considered within the model is a function of three variables: labour, stock of private capital and services obtained from the stock of public capital. A critical feature of the model concerns the specification of the productive services derived by the representative agent from public capital. Several variants for this function are analyzed in the paper.
The Decentralized Outcome
We assume that the economy consists of N identical agents. The utility function of the representative producer-consumer agent is of the form:
It is a utility function of Bernoulli type, depending on two variables, namely c -per capita private consumption and s -government supplied public good (public goods per capita). The production function of the individual agent is:
where k represents the private capital stock , and g represents the productive services desired by the representative agent from government capital (public capital stock).
With the above notations, the model of the representative agent is:
where b denotes government bonds, τ is the tax rate and r is the interest rate. We denoted by I investment, by δ -the rate of time preference, and by μ -the coefficient of wear and tear of capital.
We assume that, for each time period t, the values of s, g and τ are given exogenously.
In order to derive the optimal solution of the model (3)- (6), we apply the Maximum Principle for dynamic systems with discrete variables [ ].
The Hamiltonian function of the system is:
We denoted by 1 ψ and 2 ψ the dual variables, and by λ -the Lagrange type multiplier corresponding to constraint (6) . The optimality conditions are:
Moreover, for the Lagrange multiplier, the Maximum Principle provides the following information:
The dynamic equations for the dual variables are:
We assume that , 
Consequently, equations (10) and (11) become
Comparing (10') and (11'), we obtain the equality
Formula (15) gives the optimal value of the interest rate expected by the representative agent.
It follows that
The following relations point out the behavior of the optimal interest rate with respect to the main variables of the model
From (17) it can be seen that the optimal interest rate increases as the tax rate increases. At the same time, the optimal interest rate increases as the stock of public capital, as well as the coefficient of wear and tear increase.
In what follows, we assume that which means that 0,
t ∀ We denote:
The optimality condition (8) becomes: (20) and the dynamic equation of the new variable is:
Taking into account the form (1) of the utility function, from relations (20) and (21) we obtain:
The growth rate of private consumption is given by
Formula (23) points out that the growth rate of private consumption is a decreasing function of the parameter τ (tax rate). Also, the growth rate of private consumption depends decreasingly on the growth rate of public consumption
In what follows, we assume a balanced growth process, in the sense that the growth rate of private consumption equals the growth rate of public consumption, i.e. In this case, formula (23) becomes
The problem of dynamic equilibrium in the case of Decentralized Outcome
The dynamic equilibrium for the producer-consumer agent is described by the following three equations
The dynamic model described by equations (25)- (27) contains two exogenous variables, namely and t g τ ; the first one can vary in time.
In order to derive some meaningful conclusions concerning equilibrium, we make the additional assumption that the ratio between the stock of public capital and the stock of private capital is constant, i.e. 
For convenience, we denote
With the above notation, system (25)- (27) can be rewritten as
We recall that equations (26) and (26'), respectively, were obtained from equation (5), by using for the interest rate its optimal value given by (15) . (38) it follows that the steady-state value of consumption will be
Equation (43) shows that the equilibrium value of consumption of the agent depend essentially on the parameters ε and . θ
The benevolent government's problem
In the previous section, where we analyzed the problem of the producer agent, we assumed initially that the public capital stock, g, government expenditures, s, public investment, h, as well as the tax rate, τ represent variables which are exogenous with respect to the agent. Only in the last part of that section was the public budget balance taken into account. In this section, we have a global approach, taking into account the decisions needed to be taken by the economic agent, as well as those implying the government. As concerns the tax rate, this will remain exogenous to the model, but the results obtained will allow simulation of several alternatives, corresponding to different tax rates. The general model is described by equations (44)- (48). 
As can be seen from formula (44), we have in view a benevolent government: the "performance" of the model represents maximization of the cumulated utility of economic agents' consumption over the horizon under consideration (maximization of welfare).
The model (44-48) contains three state variables, namely the private capital stock, k, public capital stock, g, and the public debt, b. As concerns the decision variables, there are four of them, namely two referring to the consumer-producer agent ( c and I ), and two referring to government decisions ( s and h ).
Equations (45)- (47) describe the dynamics of the state variables, and inequation (48) refers to the general macroeconomic equilibrium. As can be seen from (48), the macroeconomic equilibrium refers to a closed economy.
The Hamiltonian function of the system is ( )
Applying the Maximum Principle, we obtain the following necessary optimality conditions: In what follows, we shall assume again that the ratio between private and public consumption is constant, i.e. With this assumption, the optimal value of the interest rate is the case when the ratio between private and public capital is equal to the ratio of elasticity coefficients in the utility function, then, necessarily, the ratio of public and private capital stock is equal to the ratio of elasticity coefficients in the production function. Moreover, in this case, the growth rate of the economy does not depend on the tax rate set by the government.
Concluding remarks
The impact of public capital and of public expenditure on economic growth remains one of the important issues in macroeconomics.
In this paper, we formulated two dynamic models , aimed at studying the impact of fiscal policies on the process of economic growth.
The first model refers to the way in which a consumer-producer agent optimizes its welfare in the case when the stock of public capital, government spending, as well as the tax rate are exogenous to him. For this model, we also study the steady-state conditions, when the public debt vanishes.
The second model analyzed refers to the fiscal policy of a "benevolent" government. We show that the optimal interest rate, as well as the growth rate of consumption are larger than in the case of the first model.
We also show that, with the additional assumption that the ratio between private and public capital is equal to the ratio of elasticity coefficients in the utility function, the growth rate of the economy does not depend on the tax rate set by the government and the ratio of public and private capital stock must be equal to the ratio of elasticity coefficients in the macroeconomic production function.
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